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Modde T (ch2)
Devivedion omd its oxacl eolulion o plane o

civewdan  Couelle Hsw , fully deve |oped jﬂw \;ereeh
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#ME Classical Exact Solutions to N.—S. Equations

As we have previously indicated, there are very few exact solutions to the Navier Stokes eqnations—
it is sometimes claimed there are 87 known solutions to this system of cquations that represenis
all pessible fluid phenomene within the confines of the continuum hypothesis. In this seetion we
will derive two of the casiest and best-known of these exact solutions. These will correspond to
what is known as Couette flow and plane Poiseuille flow. In what follows we will devote a scction
to the treatment of cach of these. Before doing this, for case of reference, we again present the 3-D
incompressible N.—S. equations.

ur + vy +w, =0, (4.25a)
. 1 1 AL
U+ Wy + VU, F W, = - [—)]),l. +vAu+ ; Fy., (4.25b)
1 1 PR
v+ uvy + vy + W, = ——; py + vAv+ ; Fgy, (4.25¢)
1 1
wr + UWy + VW, + Ww; = -;pz + vAw + 7) Fg.,. (4.256d)

All notation is as used previously.

4st£ Couette flow

The simplest non-trivial exact solution to the N.-5. equations is known as Couctte flow. This is
fiow between to infinite parallel plates spaced a distance h apart in the y direction, as depicted in
Fig. 4.9. This is a shear-driven flow with the shearing force produced only by motion of the upper
plate traveling in the x direction at a constant speed U, provided we ignore all body forces. The
reader should recognize this as the flow situation in which Newton’s law of viscosity was introduced
in Chap. 2 and recall that it is the no-slip condition of the fluid adjacent tc the upper plate that
leads to viscous forces ultimately producing fluid motion throughout the region between the piates.

We obtain the solution to this problem as follows. Iirst, since U is constant and represents the
only mechanism for inducing fluid motion, it is reasonable to assume that steady flow will ensue, al
least after some transient response to initiation of plate motion, Furthermore, because the plates
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Figure 4.9: Couette flow velocity profile.

are taken to be infinite in the » and z directions there is no reason to expect z and z dependence
many flow variables since there 5 no way to introdince boundary conditions that can lead to such
dependences, The lack of » and z dependence reduces the continuity equation to L

L'y = ”,

as i clear from inspection of Eq. (4.254). Thus, v is independent of y (as well as of z and z), and
henee must be constant, But at the surface of cither of the plates we must have v = 0 since finid
cannol penctrate a solid surface; then, e.g,, v(0) = 0, which implics that v = (.

If we now consider the y-momentum ¢quation (4.25¢) in this light we see that all that remains
is

Py =0,

and again becanse there is no x or 2 dependence we conclude that p = const.

Next we observe that lack of 7 and z dependence in w, along with the constancy of pressure
Just demonstrated, leads to the z-momentum equation taking the simple form

wy, = 0.

‘The boundary conditions appropriate for this equation are
w(0) =0, and w(h) =0,

both of which arise from the no-slip condition and the fact that neither plate exhibits a z-direction
component of motion. Then integration (twice) of the above second-order differential equation

leads to o
w(y) = c1y + ¢z, S

and application of the boundary conditions yields ¢; = ¢; = 0, implying that w = 0.
To this point we have shown that both v and w are zero, and p is identically constant. We now
make use of these results, along with the steady-state and z-independence assumptions to simplify

the z-momentum equation (4.25b). It is clear that this equation is now simply
Uyy ='0.
The corresponding boundary conditions arising from the no-slip condition applied at the bottom

and top plates, respectively, are

u(0) =0, and ulh) =1F.
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Integration of the above equation leads to a result analogous to that obtained carlier for the
momentum equation. namely,

u(y) = cijy + co,

and application of the boundary conditions shows that

ey =0, and ] = —U— ;
h
Thus. the Couette flow velocity profile takes the form
. U \
niy) = Y 0]

exactly the same result we obtained from heuristic physical argumaents when srudying Newton's
law of viscosiny in Chap. 2.

We remark that despite the simplicity of this result it is very important and widely used. As
we mentioned 1t Chap. 2 the case when h is small arises in the analysis of lubricating flows i
bearings Furtliermore, this linear profile often provides a rquite accurate approximation for tlow
near a solid boundary even in physical situations for which the complete veloeity profile is far more
complicated.

1.4.2 Plane Poiseuille flow

The next exact <olution to the N.-S. equations we consider is plane Poiscuille flow. This is a
pressure-driven flow in a duct over a finite length L, bnt of infinite extent i the z direction. as
aepicted 1 Fig. 1.10. For the flow as shown we assume p; > p; with p; and p; given, and ihat
pressure is constant in the z direction at each x location. We again start with Egs. (4.25) and

AN _-|f
;_____Q.
el :____4' %) !
o > ) h
A —
X 7
A L ]

Figure 4.10: Plane Poiseuille flow velocity profile.

assume the flow o be steady. that body forces are negligible. and that velocity does not change
in the  direction. It is not obvious that this last assumption should hold because pressure is
changing in the x direction: but it will be apparent that it leads to no physical or mathematical
inconsistencics. and without the assumption 1t would not be possible to obtain a simple solution as
we will do. We will examine this further when we study pipe flow in the next section.

We begin with aiguments analogous to those used in the Conette flow analysis. In particular,
since the flow varies only in the y direction, the continuity equation collapses to v, = 0 from which
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it follows that v = 0 must hold. The y-momentum equation, Iq. (4.25¢), becomes simply
py =0,

which implies that the pressure p does not depend on y.

un!l‘u!l.\ 1 Li(d\L\( @ 1s zero at both the top and bottom plates, and the z-momentum equation
can again be reduce A R A ‘ :

((‘)‘ ]l ¢ reduced to wy, = 0 by utilizing the preceding assumptions and results, it follows that
Ww = aiso,

N.)w nppl,\:mg the steady-state assumption with v = 0 and w = 0 simplifies the z-momentum
equation (4.25b) to

1
Uty = i + V(ttzz + uyy),

and with the assumption that the flow velocity does not vary in the = direction, we have u, = 0
(and uzz = 0). So the above becomes

1
gy = ’—Ipx. (4.27)
Next we note, since u is independent of z and z, that u = u(y) only. This in turn implies from

the form of Eq. (4.27) that Pz cannot depend on 2 and must therefore be constant. We can express
this constant as

Ap _p2—p
== (4.28)
Then (4.27) becomes
1Ap

The boundary conditions to be provided for this equation arise from the no-slip condition on the
upper and lower plates. Hence,

u(0) =0, and u(h) =0. (4.30)

One integration of Eq. (4.29) yields

and a second integration gives

1 A
u(y) = E‘pr2+01y+02-

Application of the first boundary condition in Eq. (4.30) shows that ¢ = 0, and from the second

condition we obtain
1 Ap ,
= ——h*+ch,
¢ o2n L !
which implies i
&= o2u L

Substitution of this into the above expression for u(y) results in

1 Ap (4.31)

u(y) = -ﬂ—f?l(y —h),
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Poisenille flow velocity

T

profile. We observe that since the definition of Ap implies Ap < 0
ds. it follows that u{y) > 0 as indicated in Fig. 4.10.
1150 provide further analysis of the pressure. We noted carlier that p, could not be a
But this does not imply that p, itself, is independent of z. Indeed, the fact that
quires r dependence. We can integrate Eq. (4.28) to obtain

pe)=ZErvc,
and from the fact that
p0)=p =C,
we sor that
pla) = Bpa s, (432)

.

1

1his 1s simply a linear interpolation formula between the known pressures p; and pp over the

distance I

s

4.5 Pipe Flow

Analysis of pipe flow is one of the most important practical problems in fluid engineering, and
provides yet another opportunity to obtain an exact solution to the Navier-Stokes cquations,
lagen-Poiseuille flow. We will derive this solution in the present section of these notes. We
begin with a physical description of the problem being considered and by doing this introduce
some important terminology and notation, among these some basic elements of boundary-layer
theory. Following this we present the formal solution of the N.-S. cquations that provides the
Hagen-Poiseuille velocity profile for steady, fully-developed flow in a pipe of circular cross section,
and then we use this to produce simple formulas useful in engincering calculations. In particular,
we will see how to account for pressure losses due to skin-friction effects, thus providing a simple
modification to Bernoulli's equation that makes it applicable to viscous flow problems. Then we
extend this to situations involving pipes with arbitrary cross-sectional shapes and other geometric
i ies including expansions and contractions, bends, tees, etc.

4.5.1 Some terminology and basic physics of pipe flow

In this subsection we consider some basic features of pipe flow that allow us to solve the N.-S.
equations for a rather special, but yet quite important, case corresponding to steady, fully-developed
fow in a pipe of circular cross section. We have schematically depicted this in Fig. 4.11. What is
apparent from the figure is a uniform velocity profile entering at the left end of the region of pipe
under consideration and then gradually evolving to a velocity profile that is much smoother and,
in fact, as we will later show is parabolic in the radial coordinate . As indicated in the figure, the
distance over which this takes place is called the entrance length, denoted L, and this corresponds
10 the distance required for merging of regions starting at the pipe walls within which the originally
uniform velocity adjusts from zero at the walls (imposed by the no-slip condition)
velocity ultimately set by mass conservation.

to a free-stream
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1he viscous ol Fio. PL8Y 18 =&t nto ste adyv motion

DY @ concentric inner cyviinder moving axially at veloc-

ity umde & fixed outer ovlinder. Assuming constant
pressure anc density and a purelv axiai fluid motion,
solve Egs. (438} for the fluid velocity distribution v(r).

What are the proper boundary conditions?

Fixed outer cvlinde:
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488 The viscous oil in Fig, P45 is set
into steady motion by a concentric inner
cylinder moving axially at velocity ¢
inside a fixed outer cylinder, Assuming
constant pressure and density and 4 purely 7
axial fluid motion, solve Eqs. (4.38) for the
fluid velocity distribution 1,(r). What are
the proper boundary conditions?

Fixed oaner cylinders

Fig. P4.88
Solution: I v, = fen(r) only, the z-momentum equation (Appendix E) reduces to:
dv p s ,ud( dv )
ple e oy 4 4V, or: 0=0404+——] r—=
-t 2 Pl TRV Y, rdrl dr

The solutionis v, =C, In(r)4+ C,;, subjectto v,(a)=U and v,(b)=0

Solve for  Cy=Ul/In(a/b) and C,=-C, In(b)

The final solutionis: v, =U ln(r/h)
- In(a/b)

Ans.

4.89  Modify Prob. 4.88 so that the outer cylinder also moves to the left at constant
speed V. Find the velocity distribution v,(r). For what ratio V/U will the wall shear stress
be the same at both cylinder surfaces?

Solution:  We merely modify the boundary conditions for the known solution in 4.88:
v,=CylIn(r)+C,, subjectto v, (a)=U and v,(b)=-V
Solve for Cy=(U+ V)/In(a/b) and C,=U - (U+ V)In(a)/In(a/b)

. . _In(r/a)
The final solutionis v, =U+(U+V)-—
In(a/b)
The shear stress 7= (U + V)/[r In(a/b)] and is never equal at both walls for any ratio of
V/U unless the clearance is vanishingly small, that is, unlessa=b. Ans.

Ans.
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