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Period Module No Topic Name
1 Damped System with Single degree of freedom: Equilibrium
method, problems
2 Viscous damping : Law of damping, problems
3 Logarithmic decrement , Steady state solution with viscous damping,
problems
4 Reciprocating and Rotating unbalance, problems
5 Base excitation and Vibration Isolation, problems
6 | Energy dissipated by damping, problems
7 Equivalent viscous damping. Sharpness of resonance, problems
8 Problems on viscous damping
9 Vibration measuring instruments, problems
10 Problems on vibration measuring instruments
11 Whirling of rotating shafts, problems
12 Problems on whirling of rotating shafts
13 Rigid shaft supported by flexible bearings, problems
14 Problems on rigid shaft supported by flexible bearings
Assignment 1
15 Two degree of freedom system: Generalized derivation of equation
of motion, problems.
16 co-ordinate coupling, problems
17 i Langrange’s equation, derivation, problems
18 Problems on Langrange’s equation
19 Dynamic vibration absorber, problems
20 Application of dynamic vibration absorber, problems
21 Problems on application of dynamic vibration absorber
Assignment 2
22 Multi-degree of system: Derivation of equation, examples of multi
degrees of freedom systems, problems
23 Calculation of natural frequencies, problems
24 Problems on calculation of natural frequencies
25 n Maxwell’s reciprocal theorem, problems
26 Rayleigh method, problems
27 Stodala method, problems
28 matrix iteration & Holzer methods, problems
29 Problems on matrix iteration & Holzer methods
Assignment 3
30 v Torsional Vibration: Single & multi rotor system, problems
31 Problems on single rotor systems




32

Problems on multi rotor system

33

Geared system and Branched system, problems

34

Problems on geared system

35

Problems on branched system

36

Vibration of continuous system: Euler equation for beam, problems

37

Problems on Euler equation for beam

38

Problems on Euler equation for beam

39

Transverse vibration of beams with different end conditions.
Transverse vibration of cantilever beam, problems

40

Transverse vibration of simple supported beam and fixed beam,
problems

Assignment 4

Discussion and doubt clearing class
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FREE DAMPED VIBRATION

In many practical systems, the vibrational energy is gradually converted to heat or sound.
Due to the reduction in the energy, the response, such as the displacement of the system,
gradually decreases. The mechanism by which the vibrational energy is gradually converted
into heat or sound is known as damping. Although the amount of energy converted into heat
or sound is relatively small, the consideration of damping becomes important for an accurate
prediction of the vibration response of a system. A damper is assumed to have neither mass
nor elasticity, and damping force exists only if there is relative velocity between the two ends
of the damper. It is difficult to determine the causes of damping in practical systems. Hence
damping is modeled as one or more of the following types.

Types of Damping

1. Viscous damping
2. Coulomb damping
3. Structural damping
4. Slip or interfacial damping

1. Viscous damping

Viscous damping is the most commonly used damping mechanism in vibration analysis.
When mechanical systems vibrate in a fluid medium such as air, gas, water, or oil, the
resistance offered by the fluid to the moving body causes energy to be dissipated. In this case,
the amount of dissipated energy depends on many factors, such as the size and shape of the
vibrating body, the viscosity of the fluid, the frequency of vibration, and the velocity of the
vibrating body. In viscous damping, the damping force is proportional to the velocity of the
vibrating body. Typical examples of viscous damping include (1) fluid film between sliding
surfaces, (2) fluid flow around a piston in a cylinder, (3) fluid flow through an orifice, and (4)
fluid film around a journal in a bearing.

2. Coulomb damping

Here the damping force is constant in magnitude but opposite in direction to that of the
motion of the vibrating body. It is caused by friction between rubbing surfaces that either are
dry or have insufficient lubrication.

3. Structural damping

When a material is deformed, energy is absorbed and dissipated by the material. The effect is
due to friction between the internal planes, which slip or slide as the deformations take place.



When a body having material damping is subjected to vibration, the stress-strain diagram
shows a hysteresis loop. The area of this loop denotes the energy lost per unit volume

of the body per cycle due to damping

4. Slip or interfacial damping

Microscopic slip occur on the interfaces of machine elements in contact under fluctuating
loads. The amount of damping depends upon the material combination, surface roughness at
interface, contact pressure and the amplitude of vibration.
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MODULE IV



TORSIONAL VIBRATION

Single Rotor System

If a rigid body oscillates about a specific reference axis, the resulting motion is called
torsional vibration. In this case, the displacement of the body is measured in terms of an
angular coordinate. In a torsional vibration problem, the restoring moment may be due to the
torsion of an elastic member or to the unbalanced moment of a force or couple. Figure 1
shows a disc, which has a polar mass moment of inertia Jo mounted at one end of a solid
circular shaft, the other end of which is fixed. Let the angular rotation of the disc about the
axis of the shaft be @, 6 also represents the shaft’s angle of twist.
i

- 7\ __ @ /\
o

ey
PN “‘;';i?f<T~f')
N
T
| Dis
[

Figure 1 Torsional vibration of a disc
Let

6 = angular twist of the disc from its equilibrium position

T = torque required to produce the twist = GI—‘]H

J is the polar moment inertia of the rod = ﬂd%Z

d =rod dia.
| =rod length
Then the torsional spring constant can be defined as,

T _GJ
ot

Applying D’Alembert’s principle the equation of motion may be written as



10+k6=0

é+%0=o

So the natural frequency @, may written as

o, 1

And |f =—=—
2T  2r

k

Double Rotor System

Hz

Consider a torsional system consisting of two discs mounted on a shaft, as shown in Fig. 2.

The three segments of the shaft have rotational spring constants k,,,k,,,k, and as indicated

in the figure. Also shown are the discs of mass moments of inertia J; and J, and the applied

torques My and Mpand and the rotational degrees of freedom 6, and 6, and The differential

equations of rotational motion J; and J,for the discs and can be derived as:
L0y = —knby + ko0, — 6,) + My
hls = —kp(0 — 0;) — kpfly + My
which upon rearrangement become
WOy + (kg + kp)0) — kpby = M,
Sy — kbl + (kpy + ki3)05 = M,y
For the free-vibration analysis of the system, Eq. (5.19) reduces to
WOy + (kg + k)0 — knfy = 0

b0y — kbl + (kpp + ki3)0, = 0

M, o1 M, I‘\QL, NG . L\'i?
‘Q //-;\ Q!-\,"ﬁ. < p (/!\ /‘/ /_}J_):'#

{ ¥k 2 ( [ \ f 1A
\— G S o[ (1) ()
§ kr] ‘\A_/ ,F'] .I\.\;))IJ'Q Af & \\ II\—/"' \;/“

k(6 — 6y)

Figure 2 Torsional vibration of a two rotor system

Example



Find the natural frequencies and mode shapes for the torsional system shown in Fig. 5.9 for
J] = ..'il]. Jz = 2..!’[], and kﬂ = krz = kf.

Solution: The differential equations of motion, reduce to (with k3 = 0, k) = kpp = k,,
J’] = .f[]. and Jz = 2][]).

Jofly + 2kB; — kB =0
2000, =k, + ko, =0 (E1)
Rearranging and substituting the harmonic solution
0{t) = O;cos(wr + ¢); i=1,2 (E.2)
gives the frequency equation:
2043 — Sk, + k2 =0 (E.3)

The solution of Eq. (E.3) gives the natural frequencies

3
w = H—Jjﬂ(s ~V17)  and @ = \,“( (5 + V17) (E.4)

The amplitude ratios are given by

o) _, - V17)
(;)‘1) - 4

n =

Transverse vibration of beam with various boundary conditions

Consider the free-body diagram of an element of a beam shown in Fig. , where M(x, 1)
is the bending moment, V(x, ¢) is the shear force, and fx, r) is the external force per unit
length of the beam. Since the inertia force acting on the element of the beam is

d2u

pA(x) dx (x t)

the force equation of motion in the z direction gives

~(V +dV) + f(x0) dx +V = pA(x) dx "3 v = (x1)

where p is the mass density and A(x) is the cross-sectional area of the beam. The moment
equation of motion about the y-axis passing through point O in Fig. leads to

(M + dM) — (V + dV) dx + f(x, 1) d.r%— M =0

flx, 1)
M(x, 1) M(x, 1)+ dM(x, )

flx. 1) ﬁ
Wiﬂ ttmrg ‘O l

ny | _

u(xi | 4|L v wlxd) Vix, 1) |"_—_t;x—>|V(t 0+ dVix )
—«—x—-l dx |-— ‘

) —-x

Figure 3 Transverse vibration of beam



By writing

AV am
dv = & dx and dM = —dx
ax dx

and disregarding terms involving second powers in dx, Eqgs. can be written as

% 2
_:-)T (x.1) + flx, 1) = pA(x) %(_\-1 t)

dM

r,_(_\', I) — V(ux, ;) =0

dax

By using the relation V = aM /dx from Eg. becomes

2M

22
(x, 1) + flx, 1) = pA(x) %(\ r)

From the elementary theory of bending of beams (also known as the Euler-Bernoulli or
thin beam theory), the relationship between bending moment and deflection can be
expressed as

o*w

M(x,1) = El(x) Py (x,1)

where E is Young’s modulus and I(x) is the moment of inertia of the beam cross section
about the y-axis. Inserting Eq. we obtain the equation of motion for
the forced lateral vibration of a nonuniform beam:

Eizw

(x, r)] + pA(x) ?(\ t) = flx, 1)

r')2 d w

I(x)~

r')\

For a uniform beam, Eq. reduces to
o4
dw
El—(x,1) +pA (1 1) = flx 1)

ax

For free vibration, f(x, r) = 0, and so the equation of motion becomes

4 .2
Fdw Fw, _
C X, 1)+ xt) =0
ax* (x. 1) ot (x.1)
where
[ET
c=./
V pA

Since the equation of motion involves a second-order derivative with respect to time and a
fourth-order derivative with respect to x, two initial conditions and four boundary condi-
tions are needed for finding a unique solution for w(x, r). Usually, the values of lateral dis-
placement and velocity are specified as wg(x) and wy(x) at 1 = 0, so that the initial
conditions become



=

=N
=
-
I

=
Il

wo( x)

|
>
-
|
=
I

= il )

The free-vibration solution can be found using the method of separation of variables as
w(x, 1) = W(x)T(1)

Substituting and rearranging leads to
2 d*W(x) 1 d*1(1)

3 =dad = w

W(x) dax* 1) ar

2

where ¢ = @~ is a positive constant . Equation can be written as two equations:

d*W(x)
4
—— - B'W(x) =0
P B'W(x)
d*1(1)
+ &@®T(1) =0
di? @ 1)
where
,84 _ w? _ pz1(02
e El

The solution of Eq. can be expressed as
T(t) = Acos wt + B sin wt

where A and B are constants that can be found from the initial conditions. For the solution
of Eq., we assume
W(x) = Ce™

where C and s are constants, and derive the auxiliary equation as

st —pt=0
The roots of this equation are
s12 = £, $3.4 = L
Hence the solution of Eq. becomes

W(x) = C1eP* + Cre P* + C3e'P* + Che P~
where Cy, C,, C3, and Cy are constants. Equation can also be expressed as

W(x) = Cjcos Bx + Cysin Bx + Cicosh Bx + Cysinh Bx

or
W(x) = Cy(cos Bx + cosh Bx) + Cy(cos Bx — cosh Bx)
+ C4(sin Bx + sinh Bx) + C4(sin Bx — sinh Bx)

where C|, C5, C3, and Cy, in each case, are different constants. The constants C;, C», Cs,
and Cy4 can be found from the boundary conditions. The natural frequencies of the beam
are computed from Eq. as



[ET [EI
_ @2 [Z=f 2
© =B N\A N oAr

The function W(x) is known as the normal mode or characteristic finction of the beam and
w is called the natural fequency o fvibration. For any beam, there will be an infinite num-
ber of normal modes with one natural frequency associated with each normal mode. The
unknown constants C} to C4 in Eq. and the value of 5 in Eq. can be

determined from the boundary conditions of the beam as indicated below.

The common boundary conditions are as follows:

1. Free end:

2
: dw
Bending moment = E/ =10
ax?

a( . Pw
Shear force = —| EI— | = 0
0x ix

2. Simply supported ( pinned) end:

.2
. . dTw
Deflection = w = 0, Bending moment = E/ ) =0
ox

3. Fixed (clamped) end:

. w
Deflection = 0, Slope = T 0
ax

The frequency equations, the mode shapes (normal functions), and the natural fre-
quencies for beams with common boundary conditions are given in Fig.
We shall now consider some other possible boundary conditions for a beam.



4. End connected to a linear spring, damper, and mass » When the end of a
beam undergoes a transverse displacement w and slope dw/dx. with velocity dw/ dt
and acceleration azwf at>, the resisting forces due to the spring, damper, and mass are
proportional to w, dw/dr, and azwj ar?, respectively. This resisting force is balanced by
the shear force at the end. Thus

il ) a*w aw w
—\El—5 | =a kw +c— +m 5
dx dx dr ot

where @ = —1 for the left end and +1 for the right end of the beam. In addition, the

bending moment must be zero; hence
a*w

2

ET =0

dx

5. End connected to a torsional spring, torsional damper, and rotational inertia (Fig.
8.16(b)): In this case, the boundary conditions are

El

*w aw
5 = al kT + ¢
dx dx dxot

w Pw
— it

dxat

where a = +1 for the left end and —1 for the right end of the beam, and

Commonly used boundary conditions for the transverse vibration of beam are as shown in

Figure 4
Pinned- pinned sin B~ 0 W (x) = C Jsin B,x] Bl ==
+ + Bl =27
Bl = 37w
Byl = 47
Free-free cos B cosh B,J = 1 W(x) = C,[sin B,x + sinh B,x Bil= 4730041
+ a,(cos B,x + cosh 8,x)] Bl = 7.853205
where Bl = 10.995608
_ sin @,/ — sinh @,/ By = |4.13?1l{ﬁl
- (m) Sy o T
Fixed-fixed y mode)
. cos B4 cosh B0 = 1 W ix) = C Jsinh 8 x,x — sin B x Bl 4,730041
ﬁ:ﬁ- + o, (cosh B,x — cos B,x)] Bl = 7.853205
where Bsl = 10.995608
_ (sinh B ~ sin ]\ B,] = 14137165
i \cos B,/ — cosh Ja’n}",ll
[ Joed-free cos B cosh Bl = —1  Wx) = CJsin B,x — sinh B,x Bl = 1875104
— a,(cos 8,x — cosh 8,x)] Bul = 4.69400
where Byl 7.854757

Fixed-pinned

_— sin @,0 + sinh 3./
" \cos B, + cosh 8,1

Bal = 10.995541

tan B, — tanh g, = 0 W, (x) = C,[sin B,x — sinh 8, x Byl = 3.926602
+ e, (cosh Bx — cos B.x)]  Bal = T.068583
t where Byl =10.2100176
Y sin 8] — sinh B,] »,'I Byl = 13351768
" \cos B — cosh 81
Pinned-free . .
tan B, — tanh g,/ = 0 Wx) = C[sin Bx + a,sinh §,x] Bl = 3.926602
g where ol = 7.068583
{ sin gt ) Bl = 10.210176
e e Byl = 13351768
\sinh 4,/ (g = 0for rigid-
body mode)

Figure 4 Commonly used boundary conditions for transverse vibration of beam
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